10

11

12

13

14

15

16

17

18

19

20

21

22

23

24

Appendix A. Balance equations

We use a combined numerical strategy for modelling convection by solid-
state creep in the Earth’s mantle as well as partial melting in some of the
upper regions of the mantle, processes that lead to the segregation and for-
mation of the precursors of continental crustal material as well as mixing
within the remaining mantle. We solve differential equations relating to
infinite Prandtl-number convection using a three-dimensional finite-element
spherical-shell method that ensures the conservation of mass, momentum,
and energy. The mass balance

dp

5tV (00 =0 (A1)

with an anelastic-liquid approximation simplifies to
. 1,
VU= —20evp (A.2)

where p is density, ¢ is time, and ¥ is velocity.
The conservation of momentum can be written as

ov 0
— 7 . 7 = — P a A — Z A-3
p(atJrv vv> VP g+ g i (A.3)
where P is pressure, ¢ is acceleration due to gravity, and 7, is the devia-
toric stress tensor. Spherical symmetry is modelled using § = —gé, and the
hydrostatic pressure gradient is defined as
oP
il A4
5 = P9 (A.4)
By definition, Kg = =V (2—5)5 and % = %0, where K is the adiabatic bulk

modulus, V is volume, S is entropy, and r is the radial distance from the
Earth’s centre. Hence,

() )6, e

Substituting Eq. (A.4) into Eq. (A.5) yields

op\ _ —pg
(87’)5_ Ky (5.6)
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If horizontal spatial variations in p are ignored, Eqs. (A.2) and (A.6)
yield

1 1 9dp  pgvr
= —mgeup e — g, P AT
VU= UV E g = (A7)
It is well known that
Ks= 2Ky = (1+ ayT)Kr (A.8)

Cy

where K7 is the isothermal bulk modulus, ¢, is specific heat at a constant
pressure, ¢, is specific heat at a constant volume, « is the coefficient of
thermal expansion, v, is the thermodynamic Griineisen parameter, and 7T is
the absolute temperature.

This means that eq. (A.3) can be rewritten as

dvi o i 8a;m-
dt = P 8xk

p (A.9)

This in turn means that the energy balance can be expressed as follows

du  0q; .
pE + 6@ = Q + OikEik (AlO)

where u is specific internal energy, () is heat generation rate per unit volume,
and v;, gi, ¢, x;, 0, and €;, are velocity, gravity acceleration, heat flow
density, location vector, stress tensor, and strain-rate tensor components,
respectively.

Another formulation of Eq. (A.10) is

0
p{aﬂLﬁ-V}u—v-(kVT)+Q—PV-U+2WD (A.11)
where
and T
= —k— Al
e . (A.13)

with k£ indicating thermal conductivity. Using

du=Tds— P dv (A.14)
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and

0s Os
=T | — T+T|=—= P—-P Al
du (8T>Pd + <8P>Td dv (A.15)

eliminates specific internal energy (u) in Eq. (A.11), yielding the following
equation

dT’ dP
ds ds ov
v (8T)P and <8P>T <8T)P o (A17)

where s represents specific entropy, v specific volume, ¢, specific heat at a
constant pressure, and « the coefficient of thermal expansion.

A less well-known version of the energy balance can be deduced, as Eq.
(A.11) is equivalent to

du dv ov;
p(gwa)_m%wwvﬂw (A.18)

because of Eq. (A.2) and % = .
Inserting Eq. (A.14) into Eq. (A.18) yields

s L O 0 <k 0
8xj

7 o, + oz, T) +Q (A.19)

However,

0s s
ds = (8_T),U dT + (a)T dv (A.20)
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and

0s Co O0s
) == - = aKk A21
(7),-% (&), A2y
suggests that
1
Tds = c,dT + aKrTd <—) (A.22)
p
or T
Tds = c,dT — 2= dp (A.23)
where K
!
Yth = d (A.24)
Cop

indicates the thermodynamic Griineisen parameter.
Inserting Eq. (A.23) into Eq. (A.19) yields

dT d i
PCy—7 — CUFYT_p = Tik Ov 0 (k 0
8.1'j

T A2
dt dt Oxy, * Ox; ) a (A.25)

with Egs. (A.1) and (A.25) yielding

dT’ an 8’02' 0 0
Mﬁ—ﬂm%;“%mﬂmef%Q (A.26)
or
oT 0 ov; 1 ov; 0 0
=, —T —~AT—L + — |7, — k—T A2
dt Y oz, " Oz, + PCy [TZ’“axk * oz, ( Oz, ) +Q] (A.27)
or

or . 8(TUJ) an 1 a’UZ‘ 0 0
ot Ox; (v 1)T8:cj+pcv leakaraxj kaij +Q| (A28)

This is an alternative formula for energy conservation. Although ¢, appears
in Eq. (A.28), the latter expression is equivalent to Eq. (A.16), which uses
¢p- The deviatoric stress tensor can be expressed by

ov;  Ov,  20v;
= — ——=0; A2
Tk =1 (&rk - Or; 30x; Zk) (4.29)

in Egs. (A.3) and (A.28), where 1 denotes viscosity.

4
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As an equation of state we use

2
P = Pr [1 - a<T - TT) + K;1<P - Pr) + Z FkApk/pr (A30>

k=1

where the index r refers to the adiabatic reference state, Apy/p, or fu de-
notes the non-dimensional density jump for the kth mineral phase transi-
tion, and I'y is a measure of the relative fraction of the heavier phase, where
'y, = % (1 + tanh Z—:) with 7, = P — Por, — 1" describing excess pressure 7.
The quantity Py is the transition pressure for the vanishing temperature 7.
A non-dimensional transition width is denoted by dj, with 74 representing
the Clausius—Clapeyron slope for the kth phase transition. I', and 7, were
introduced by Richter (1973) and Christensen and Yuen (1985),

with the presence of very high Prandtl numbers meaning that the left-hand
side of Eq. (A.3) vanishes. As such, we use the following version of the
equation of conservation of momentum:

0 0

0= " ow (P—=P)+(p—pr)gi(r) + 8_%7—% (A.31)

The final version of the conservation of mass equation is

0
0=—pv, A.32
ax] p'U], ( )
which stems from Eq. (A.2). Equations (A.28), (A.30), (A.31) and (A.32)
are a system of six scalar equations that can be used to determine six scalar
unknown functions, namely 7', p, P, and the three components of v;.
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Appendix B. Supplementary data

Below, we specify the input parameters of our dynamic model. For the
upper mantle, we use a peridotite solidus, T, modified according to Litasov
(2011). Cf. Fig. Bl. Ty is not only a function of pressure P but also
of the water abundance which is a variable. We suppose that, inside the
variable volume of chemical differentiation, the amount of water is diminished
from 1000 ppm HyO to zero during one differentiation event. Thereafter,
the modelled rock continues to creep according the full system of partial
differential equations, ensuring the conservation of mass, energy momentum,
and angular momentum. The lower mantle solidus has been computed using

1 dly 2 1
R B.1
T dP K (7 3) (B-1)

where T, is the solidus, P is pressure, and K is the bulk modulus according
to PREM (Preliminary reference Earth model; cf. Dziewonski and Anderson,
1981). For depth between 771 and 2741 km, we calculated the used Griineisen
parameter 7,, using the acoustic gamma, 7,:

1 Kr 0Ky 4 (Op
Yo = 5K+ 4/3)n K oP )T+ 3 (ap)T]

3 (aP)T ! (B.2)
It is remarkable that ~, can be completely determined from geophysically
observable variables obtained from PREM. This means that our model is
independent of specific chemical or mineralogical models at these depths.
K7 denotes the isothermal bulk modulus, Kg the adiabatic bulk modulus,
p the shear modulus. It would be straightforward to utilize Egs. (B.1) and
(B.2) also for upper mantle, crust, and D” layer. However, we must pay
attention to the observation by Stacey and Davis (2009) that seismological
estimates of dK/dP and du/dP within upper mantle, crust, and D" layer
generate physically implausible depth variations of the Griineisen parameter
7. That is why we use the gamma estimates of Stacey and Davis (2009), vsp,
for the depth range h < 771 km and for the D” layer; otherwise, our model

uses v,. We call this combination the extended acoustic gamma, 7v,.. To get
a feeling whether our estimation of 7, is reliable, we additionally compute
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the Debye gamma, vp, using

1 1 1 2

p s

where v, and v, indicate the seismic compressional and shear wave velocities,
respectively. These velocities and the density, p, were taken from PREM.
Fig. B2 shows a comparison of the three gamma functions the numerical
values of which are given in Table B1. As well-known, the viscosity of the
mantle is a crucial parameter for the thermal evolution of the Earth. The
viscosity, 17, has been computed using Eq. (7). The quantity 7 is nonlinearly
dependent on the melting temperature, 7;,, the dependence of which on the
Griineisen parameter by Eq. (B.1). The quantity n,(r), appearing in Eq. (7),
is specified in Table B1. It bears a certain resemblance to the mantle viscosity
deduced by Mitrovica and Forte (2004). To make our computations traceable,
we add the adiabatic temperature 7,4 (K), the thermal expansion coefficient
a (107K™') and the specific heat at constant pressure ¢,(J/(kg -K)) as a
function of depth i (km) to Table B1. The a/c, ratio is determined by

a/cp = <7am ) p)/KT (B‘4>
where Kp=(1+a Yp T) " K, (B.5)
using PREM again. Further input parameters are presented by Table B2.
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Fig. B1. Variations of peridotite solidi (7s,;) as a function of pres-
sure (P) and water abundance, modified according to Litasov (2011). The
curve for 0 ppm H,O is denoted by T,,9, for 500 ppm H>O by T,,5, and for
1000 ppm H5O by T},10. Ol = olivine, Wd = wadsleyite, Rw = ringwoodite,
Mg-Prv = magnesium perovskite, Fp = ferropericlase. The MORB adiabat
at a potential temperature of 1588 K is labelled as Adiabat. MORB is the
abbrevation for mid-oceanic ridge basalt.
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Fig. B2. Comparison of different Griineisen parameters () as a function of
depth (h). The 7 values according to Stacey and Davis (2009) are denoted
by vsp. Our newly deduced extended acoustic gamma is referred to as 7v,.,
and the Debye gamma as ~p.

Table B1.

Physical properties of the mantle as a function of depth (h). The extended
acoustic Griineisen parameter (7,,) and Debye gamma (vyp) values were de-
termined using PREM observational values. The Griineisen parameter of
Stacey and Davis (2009) is indicated by 7sp. The quantity 7,0 denotes the
dry peridotite solidus with T},5 and 7},1¢ indicating the solidus of peridotite
containing 500 ppm H2O and 1000 ppm H»O, respectively (Litasov, 2011).
The viscosity level factor of Eq.(7) is indicated by 7y, with 7,4 indicating
the adiabatic temperature of the mantle, a representing thermal expansivity,
and ¢, indicating specific heat values at a constant pressure. NaN means

”Not a Number” as is customary in information technology.
9
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Table B2. Model parameters

Parameter Description Value Dimension
Tmin Inner radius of spherical shell 3.480 x 10° m
T'ma Outer radius of spherical shell 6.371 x 10° m
Temperature at the shell
boundary 288 K
hq Depth of the exothermic
phase boundary 4.10 x 10° m
ha Depth of the endothermic
phase boundary 6.60 x 10° m
" Clausius—Clapeyron slope for the
olivine-wadsleyite transition +1.6 x 108 Pa-K™1
Y2 Clausius—Clapeyron slope for the
ringwoodite-perovskite transition -2.5 x 106 Pa-K~!
fa1 Non-dimensional density jump for
the olivine-wadsleyite transition 0.0547
fa2 Non-dimensional density jump for
the ringwoodite—perovskite transition 0.0848
Begin of the thermal evolution of
the solid Earth’s silicate mantle 4.490 x 10° a
dy Non-dimensional transition width
for the olivine-wadsleyite transition 0.05
do Non-dimensional transition width
for the ringwoodite—perovskite transition 0.05
Begin of the radioactive decay 4.565 x 10° a
Ct Factor of the lateral viscosity variation 1
k Thermal conductivity 5 W-m~1.K?
nr + 1 Number of radial levels 33

Number of gridpoints

1.351746 x 106
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