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Summary

A new theory for the melting curve of metals is proposed. The theory is based on a new equation
of state for metals, called MY, on LINDEMANN’s law and on the volume dependence of the GRUN-
EISEN parameter after MicauLT. In MY, the repulsive and attractive lattice terms, FERMI term,
exchange and correlation terms of the electrons as well as a quantum-statistical correction have
been taken into account. The geophysical motivation for this study is outlined in the first chapter.

Zusammenfassung

Es wird eine neue Schmelzpunkt-Theorie fiir Metalle vorgeschlagen. Die Theorie beruht auf einer
neuen Zustandsgleichung fir Metalle, die MY genannt wird, auf dem Lindemann-Gesetz und auf
der Volumenabhéngigkeit des Griineisen-Parameters nach Mrcavrr. In MY sind der abstoBende und
der anziehende Gitterterm, der Fermi-Term, der Austausch- und Korrelationsterm der Elektronen
sowie eine quantenstatistische Korrektur beriicksichtigt. Der geophysikalische Grund fir diese
Untersuchung wird im Eingangskapitel dargelegt.

1. Introduction: Geophysical-Motivation

At present, it is generally accepted that the geomagnetic main field is generated
by a dynamo in the outer core of the earth. The multitude of possible mechanisms is
limited by geophysical studies. Since the liquid outer core is surrounded by the lower
mantle, the way in which the heat is dissipated outward through the latter (cf. [53, 47])
plays a certain part in view of the fact that this has a bearing on the boundary con-
ditions of the hydromagnetic convection. Furthermore, the question arises whether
convection in the outer core may be thermally driven ([17, 40, 41]). It turned out that
the solution to this question depends almost exclusively on the unknown pressure
dependence of the melting temperature of the metallic core of the earth. Nowadays,
it is assumed that iron is the main constituent of the outer core (see, e.g., RIN¢wooD
[31] and others quoted there). On account of the cosmic abundances, however, minor
amounts of nickel and other metals may also be expected. As the density of the outer
core is lower than that of iron and the transition metals adjacent in the Periodic
Table, light elements (O, S, Si, C, etc.) probably also occur in the mixture. The com-
puted models are mostly based on a binary mixture. If one assumes, e.g., an iron-
sulphur mixture, one arrives at different mixtures depending on the equations of state
used and other assumptions: 15 --- 17 wt 9%, sulphur according to UssErman [42],
9 -+ 12 wt 9, according to AHRENS [1] and 5 --- 10 wt 9, according to BrownN and
McQUEEN [8]. Even under zero pressure, it is difficult to determine the phase diagram
Fe—S (Rau [30]). KuBascHEWSKI [20] gives a review of the multitude of binary
phase diagrams of iron at normal pressure. BEKE et al. [6] show how the phase
diagram of binary metal alloys is computed. Now, when realistically considering the
problem of the melting temperature of the outer core, one has to be aware of the
following aspects:
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a) The assumption that the outer core is composed of just two elements is only a
convenient fiction. Other metals, too, and more than one light element are certainly
involved. Due to the complex packings of atoms, even minor additions may
significantly modify the melting temperature, usually making it lower.

b) Various approaches exist nowadays for the computation of the melting tempera-
ture of just one phase of an element in the case of high pressures, all of these
approaches being partly empirical.

¢) In particular in respect of iron, the situation is made more complicated by
the occurrence of various phases. At (200 + 2) GPa and (250 + 10) GPa, the elastic
wave velocities as a function of pressure along the Hugoniot of iron exhibit jumps
whose identification with the well-known phases of iron still poses some difficulties
[7]. This question is relevant inasmuch as the jumps are occurring in the pressure
range of the earth’s outer core.

d) Even if the material mixture were known and, what is more, even if it would be
a well-known binary mixture and the melting-temperature density curve of the
individual components would be computable, it would still not be possible to di-
rectly compute the phase diagram for high pressures from the zero-pressure phase
diagram, since sudden changes in the atom packings may still occur in between.

This paper is designed to make a contribution to the partial problem b) only and to
suggest a more realistic way of computing the melting temperature of pure metals
as a function of pressure. The results are to be verified with the aid of measured
values.

2. Physical Preliminaries

Melting is a complex phenomenon. Obviously, there are two basically different
kinds of melting processes: quantum melting [18] occurring in superconductors and
melting due to thermal effects. We are going to consider only the latter case. The
great variety of chemical bonding structures results in a multitude of thermal mech-
anisms for the transition from the crystalline to the liquid state. For a small number
of semi-metallic materials, the volume change on melting A V[ Vs is negative. With
these materials, e.g., Ga, Bi and Sb, the melting temperature 7'y, decreases with
the pressure p. They also include the semi-conductors Si and Ge whose behaviour
follows from their covalent bonding (vax VECHTEN [44], Soma and Marsvo [35]).
With almost all metals, 4 Viy/ Vs is positive and, due to the CrLausIus-CLAPEYRON
equation, the melting temperature increases with the pressure until phase changes are
initiated. Prior to the phase change, the melting curve will decrease a little and rise
again thereafter. The phase changes of the metals are caused by the rearrangement
of the atoms to more close-packed lattices or by electron shell collapse. We shall,
however, only consider the melting curves of the metals within one phase. BorN’s
original suggestion that the entire lattice becomes unstable during melting apparently
is not correct (CoTTERILL and MADSEN [11]). Instead, in the course of heating, more
and more dipole pairs of dislocations are formed (KUBLMANN-WILSDORF [21]) which,
when reaching a certain concentration, destroy the cohesion of the lattice structure
and lead to a mutual dislocatability of the lattice fragments, i.e., macroscopically
to fluidity (Nt~omrva [29]). The free volume theory is an alternative description of
the same phenomenon (GORECKI [14]). The LINDEMANN melting hypothesis is com-
patible with the dislocation theory and has actually often been used (cf. [33, 22, 36]).
The author [49] derived a formula for the pressure dependence of the melting tem-
perature from a dislocation model and an interatomic LJ potential. He proved that
the same formula can also be derived from the equation of state by ULLMaNN and
Pax’rov [39], the formula by VASHCHENKO and ZUBAREV [45] for the volume de-
pendence of the GRUNEISEN ratio and from LINDEMANN’s melting law. Agreement
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Table 1
Material parameters of the metals used. Z is the atomic charge, w the valency. The parameter j is
given after MicAULT et al. [25], the atomic value v, after GORECKT [14], the melting temperature T'm,
at vanishing pressure after GSCHNEIDNER [15], %, and %, after ULLmaNN and Pan’kov [39]. The
original sources of the last two parameters are listed in the last column

Material Z 7 v, w Ty %, ”y Reference
(10-30 m3) (K) (100 MPa)

Mg 12 0.43 23.27 2 923 344.2 416 [4]

Al 13 —0.24 16.60 3 933.2 729.1 4.7  [37; 2]

Ni 28 0.67 10.94 2 1,726 1,790 6.20 [16]

Cu 29 1 11.81 2 1,356 1,330 5.65 [5]

Ag 47 0.71 17.06 1 1,234.0 1,015 5.53 [12; 43]

Cd 48 1.3 :21.58 2 594.18 457.9 6.77 [4]

Pt 78 —1.2 15.10 2 2,042 2,770 5.18 [16]

Au 79 —0.92 16.96 1 1,336.2 1,664 6.51 [5]

Pb 82 —0.75 30.33 2 600.576 419 5.72 [26]

with the measured values is not bad, but could be further improved. A large portion
of the results given in a graphical form is presented in [46]. The formulas printed
there are partly distorted by misprints. The correct formulas can be found in [49].
Meanwhile, the author has derived three new equations of state, a preliminary
model X [48], a model Y [50] for metals yielding excellent agreement for experimental
high-compression data, and a simplification of MY designated MZ [51]. The ultra-
sonic, static and shock-wave compression data of oxides and halides are approximated
very well by the MZ curves. It should be pointed out here that much more experimen-
tal data were used for the verification of MY than in [52]. In the following, it will
be attempted to arrive at a new melting theory for metals from MY, the LINDEMANN
relation and the volume dependence of the GRUNEISEN ratio by MigauLrt [23, 24].
The formula by MicauLT is a generalization of the relation given by VASHCHENKO
and ZUBAREV [45].

3. Melting Point Theory and Comparison with Experimental Data

The equation of state MY [50, 51] used here is as follows:

2 A B 1 D C D E
=1/ {? na [mzn/3+1 = xn/3+1} = 3 b - rs? [ B T (i L F)2y2/3J} (1)

where p is the pressure and « the zero-pressure density to density ratio. The following
substitution holds:

yhiS — g s wl/3 (2)

The mean interelectronic spacing at vanishing pressure is expressed in BoHR units
and is computed as follows:

750 = [3v,/(dmwa,®)]H/3 (3)

where v is the atomic volume in 10-30 m? units, w is the valency of the metal, a, is
the first Bonr radius for hydrogen. We employ a; = 0.529 17,706 X10-1° m. The
quantities 4 --- F are given constants:

4 = 1.011,0, B = 1.204,5,
C = 2.21 Ryd - (Bohr unit)?, D = 0.916 Ryd - Bohr unit, (4)
E = 0.88 Ryd - Bohr unit, F = 7.8 Bohr unit.
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Fig. 1. Melting curve for magnesium. Experimental data after [19]
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Fig. 2. Melting curve for aluminum. Experimental points after [32]. The dashed curve, however, is
obtained by means of the formula by VASHCHENKO and ZUBAREV [45]

fo 1s computed from the atomic charge Z:

072773 — 0.2472 + 0.43753 5
fo= 0.768,927/3 g ()

The material constants a, b, and n are functions of the initial bulk modulus », and
the initial pressure derivative of the bulk modulus »;. Their substitution by », and
is effected by using

=%, and (-« x 3—”)

ap 5
<— 7 372) 52 lp_q = %%+ (6)

As a result, the equation of state MY has five material dependent input parameters,
namely 3,, %;, w, v,, Z. It is well adapted to the physics of metals: The terms on the
right-hand side of (1) signify in that order repulsive and attractive lattice term,
FErwMI term, exchange and correlation term of the electrons. f, is a quantum-statistical
correction (cf. [50, 51]). Since MY is a good approximation of the metal compression

r=1
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Fig. 3. Melting curves for platinum, nickel, silver, and aluminum. The experimental data have been
- compiled by GORECKI [14]

found experimentally [50], this equation of state obviously can also be used for com-
puting the melting curve of metals.
LINDEMANNs law is

o O*x2/3@])2 (7)
and for the GRUNEISEN parameter y we have
dln ©®
re o xD (8)

where @p is the DEBYE temperature and C* a material dependent constant. From
this, we obtain

dln T v 9%

dlnz q?_2y(x) (9)

and

din'Be @ 20— 1/3)
= (10)

The dependence of the GRUNEISEN parameter on the relative volume z and on the
isothermal pressure p is expressed with the help of MicauLT’s formula [23, 24]:

_ 3j—4 z d?(pad)/da?
Y e s (11)

In the theory developed by SLATER [34], j vanishes, in DugDALE and McDoNaLp
[13] we have j = 2/3, in VASHCHENKO and ZUBAREV [45] j = 4/3. MicAULT introduced
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Fig. 4. a) -+ d) Melting curves for copper, silver, platinum, and gold. Experimental data have been

compiled by MigauLT et al. [25]
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Fig. 5. Melting curves for cadmium. Experimental data after [9] (dashed curve), [19] (dotted curve),

[38], [10]
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Fig. 6. Melting curves for lead. The dashed curve gives the experimental values from [28], the dotted
curve those from [27], the dash-dotted curve those from [3], and the dash-dot-dot curve those from
[19]

j as a scalar parameter and developed three methods that are independent of one
another in order to determine j for a specific material. We use MIcAULT’s et al. [25]
Table 1, third column, where j is given for Mg, Cd, Cu, Ag, Au, Ni, Pt, Al and Pb.
(Unfortunately, 5 has not been given there for Fe, but it is to be expected that the
theory is applicable just as well to this material.) If (1) is substituted in (11) and (11)
in (10), the melting temperature can be numerically computed as a function of pres-
sure. In Figs. 1 --- 6, experimental data are compared with our theory represented
by the solid curve. For all metals covered, i.e., for all metals with a known parameter j,
the agreement between theoretical and experimental values has been improved in
comparison with other published melting curves. Fig. 2 gives an example of such an
improvement. However, the theoretical curves are not in all cases like least-squares
fit curves. Since we use a unified theory for all metals, this fact is not surprising. It
is a consequence of the complex nature of the metallic bonding. The references quoted
in Section 2 may serve as an introduction to these problems. Some authors derived
melting theories for a single mineral. In these cases, it is naturally easier to find a
coincidence of theoretical and observed melting temperatures. However, we do not
know exactly the chemical composition of the Earth’s core, but we know that it
has a metallic constitution. That is why we should search for a unified melting theory
for metals. On the other hand, the measured values themselves apply only within
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certain margins of error: Large deviations of the observed values of different authors
are found for Cd and Pb. They are shown in the Figs. 5 and 6.

The applicability of the present theory has been proven only up to 7 GPa. For
higher pressures the experimental melting temperatures are unknown. But the equa-
tion of state used has been proven to be a good approximation up to Earth’s core
pressures [50]. Therefore we hope that the extrapolation of the melting curves is
possible.
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